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Abstract. A classification of homogeneous pseudo-Riemannian structures and a characteri-
zation of each primitive class are obtained. Several examples are also given.
1 Introduction
Ambrose and Singer [2] gave a characterization of connected, simply connected and
complete homogeneous Riemannian manifolds in terms of a (1, 2) tensor field S on the man-
ifold. This characterization extends the one given by Cartan [5] of Riemannian symmetric
spaces, and has also permitted Tricerri and Vanhecke [19] to classify those homogeneous
Riemannian manifolds into eight classes, which are defined by the invariant subspaces of
certain space S1 ⊕ S2 ⊕ S3. In [19] it is proved that a connected, simply connected and
complete homogeneous Riemannian manifold admits a nonvanishing homogeneous struc-
ture S of type S1 if and only if it is isometric to the hyperbolic space, and that it admits
a homogeneous structure S of type S3 if and only if it is naturally reductive.
In [10], we have generalized the characterization given in [2] to the pseudo-Riemannian
case of any signature, and proved that a connected, simply connected and complete pseu-
do-Riemannian manifold admits a homogeneous pseudo-Riemannian structure if and only
if it is reductive homogeneous. Note that in the Riemannian case, every homogeneous
manifold is complete and reductive.
In the present paper, we first give a classification for the pseudo-Riemannian case of
any signature similar to that given in [19] for Riemannian homogeneous structures. Then
we give a characterization of each of the primitive classes S1, S2 and S3.
Suppose (M, g) is a connected, simply connected and complete reductive homogeneous
pseudo-Riemannian manifold of any signature. Then:
(i) We prove that (M, g) admits a nondegenerate homogeneous structure of type S1 if
and only if g is either a (positive definite) Riemannian metric of constant negative curva-
ture or a negative definite metric of constant positive curvature. Moreover, we see that
the nonflat pseudo-Riemannian space forms of arbitrary signature admit locally nonde-
generate homogeneous pseudo-Riemannian structures of type S1. The degenerate case is
studied by A. Montesinos Amilibia in [14].
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(ii) As for the class S2, although several authors have given a lot of examples in the Rie-
mannian case ([1], [11], [13], [15], [19]), there is not, as far as we know, a characterization.
We give that characterization in terms of the cotorsion of a linear connection, introduced
by Cruceanu [8]. A pseudo-Riemannian manifold admits a structure of type S2 if and
only if it is a cotorsionless manifold (see Definition 4.4) which satisfies a supplementary
condition (see Theorem 4.10). Notice the conceptual relation with Nomizu’s naturally re-
ductive homogeneous manifolds [16]. In our case the distinguished connections have other
relations with the canonical connection. Specifically, they have the same torsion as the
canonical connection, and vanishing cotorsion.
(iii) We give a characterization for the primitive class S3: similarly to the Riemannian
case, we obtain the naturally reductive homogeneous pseudo-Riemannian manifolds.
We finally give several examples. In fact, we study the existence of homogeneous
pseudo-Riemannian structures on certain solvable Lie groups equipped with left-invariant
metrics of constant curvature, on the classical 3-dimensional Heisenberg group and on the
5-dimensional generalized Heisenberg group H(1, 2).
Acknowledgments. The authors want to express their hearty thanks to Prof. A.
Montesinos Amilibia by his valuable help, specially in the characterization of the class S1,
and to Prof. J. Mun˜oz Masque´ by his suggestions while reading the manuscript.
2 Reductive homogeneous pseudo-Riemannian manifolds
Let M be a connected C∞ differentiable manifold of dimension n ≥ 2. Let g be a pseudo-
Riemannian metric of signature (k, n− k) on M , ∇ the Levi-Civita connection of g and
R the curvature tensor field, for which we shall adopt the convention
RXYZ = ∇[X,Y ]Z −∇X∇Y Z +∇Y∇XZ , RXYZW = g(RXYZ,W ) ,
for X, Y, Z,W ∈ X(M). In [10] we have defined a homogeneous pseudo-Riemannian struc-
ture on (M, g) as a tensor field S of type (1, 2) onM such that the connection ∇˜ = ∇−S
satisfies
∇˜g = 0 , ∇˜R = 0 , ∇˜S = 0 .
We have proved in [10] that if (M, g) is connected, simply connected and complete then
it admits a homogeneous pseudo-Riemannian structure if and only if it is a reductive
homogeneous manifold.
Let V be a real vector space of dimension n endowed with an inner product 〈 , 〉 of
signature (k, n − k). The space (V, 〈 , 〉) will be the model for each tangent space TxM ,
x ∈M , of a reductive homogeneous pseudo-Riemannian manifold of signature (k, n− k).
Consider the vector space S(V ) of tensors of type (0, 3) on (V, 〈 , 〉) satisfying the same
symmetries as those of a homogeneous pseudo-Riemannian structure S, that is,
S(V ) = {S ∈
3
⊗ V ∗ : SXY Z = −SXZY , X, Y, Z ∈ V },
where SXY Z = 〈SXY, Z〉. The inner product of V induces in a natural way an inner
product in S(V ), given by
〈S, S ′〉 =
n∑
i,j,k=1
εiεjεk SeiejekS
′
eiejek
,
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where {ei} is an orthonormal basis of V , 〈ei, ei〉 = εi, εi = −1 if 1 ≤ i ≤ k, εi = 1 if
k + 1 ≤ i ≤ n.
The canonical representation of the pseudo-orthogonal group O(k, n−k) on V induces
a representation on S(V ) given by
(aS)XYZ = Sa−1X a−1Y a−1Z , a ∈ O(k, n− k) ,
and the map S → aS is an isometry of S(V ) for all a ∈ O(k, n− k).
Let c12 : S(V )→ V ∗ be the map defined by
c12(S)(Z) =
n∑
i=1
εiSeieiZ , Z ∈ V ,
where {ei} is an orthonormal basis of V , 〈ei, ei〉 = εi.
From the theory of representations of the pseudo-ortogonal group ([3], [9], [20]) it
follows that S(V ) decomposes into the orthogonal direct sum of three invariant and irre-
ducible subspaces under the action of O(k, n − k). Specifically, the subspace ∧3V ∗, the
subspace of c12-traceless tensors of the subspace Y of ⊗
3V ∗ corresponding to the Young
element id+ (12)− (23)− (132), associated to the nonstandard Young frame
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and the space of tensors corresponding to the above c12-trace. Denoting those three
subspaces respectively by S3(V ), S2(V ) and S1(V ), we thus have:
Theorem 2.1. If dim V ≥ 3, then S(V ) decomposes into the orthogonal direct sum of
subspaces which are invariant and irreducible under the action of O(k, n− k) :
S(V ) = S1(V )⊕ S2(V )⊕ S3(V ),
where
S1(V ) = {S ∈ S(V ) : SXYZ = 〈X, Y 〉ω(Z)− 〈X,Z〉ω(Y ), ω ∈ V
∗ },
S2(V ) = {S ∈ S(V ) : S
XYZ
SXY Z = 0, c12(S) = 0 },
S3(V ) = {S ∈ S(V ) : SXYZ + SY XZ = 0 }.
Moreover, dimS1(V ) = n, dimS2(V ) = n(n2 − 4)/3, dimS3(V ) = n(n − 1)(n− 2)/6 and
dimS(V ) = n2(n− 1)/2.
If dimV = 2 then S(V ) = S1(V ).
Furthermore,
S1(V )⊕ S2(V ) = {S ∈ S(V ) : S
XYZ
SXY Z = 0 },
S2(V )⊕ S3(V ) = {S ∈ S(V ) : c12(S) = 0 },
S1(V )⊕ S3(V ) = {S ∈ S(V ) : SXY Z + SY XZ = 2〈X, Y 〉ω(Z)
− 〈X,Z〉ω(Y )− 〈Y, Z〉ω(X), ω ∈ V ∗ }.
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Definition 2.2. We shall say that the homogeneous pseudo-Riemannian structure S on
(M, g) is of type {0}, Si (i = 1, 2, 3), Si⊕Sj (1 ≤ i < j ≤ 3) or S if, for each point x ∈M ,
S(x) ∈ S(TxM) belongs to {0}, Si(TxM), (Si ⊕ Sj)(TxM) or to S(TxM), respectively.
Thus, we have eight classes of homogeneous pseudo-Riemannian structures.
3 Homogeneous pseudo-Riemannian structures of type S1
Definition 3.1. Let S be a homogeneous pseudo-Riemannian structure of type S1 on
a connected pseudo-Riemannian manifold (M, g), that is, SXY = g(X, Y )ξ − g(ξ, Y )X,
where ξ is a vector field on M . We say that S is nondegenerate if g(ξ, ξ) 6= 0.
If ξ is the vector field associated to a structure S of type S1 on (M, g) and ∇˜ = ∇−S,
where ∇ is the Levi-Civita connection of g, one easily proves that ∇˜S = 0 if and only if
∇˜ξ = 0 or, equivalently,
(1) ∇Xξ = g(X, ξ)ξ− g(ξ, ξ)X, X ∈ X(M).
Proposition 3.2. Let (M, g) be a connected pseudo-Riemannian manifold which admits
a nondegenerate homogeneous structure of type S1 defined by a vector field ξ. Then (M, g)
has nonzero constant sectional curvature −g(ξ, ξ).
Proof. If ξ is the vector field on M associated to a nondegenerate structure S of type S1
on M , the condition ∇˜ξ = 0 implies that g(ξ, ξ) is a nonzero constant c. From (1), we
obtain by direct computation that
(2) RXY ξW = −c GXY ξW ,
where
GXY ZW = g(X,Z)g(Y,W )− g(X,W )g(Y, Z), X, Y, Z,W ∈ X(M).
Putting
AXY ZW = RXYZW + c GXYZW ,
the condition ∇˜R = 0 and (2) give
(∇XR)Y ZWU = g(ξ, Y )AXZWU + g(ξ, Z)AYXWU
+ g(ξ,W )AYZXU + g(ξ, U)AYZWX .
Since A has the same symmetries as R, applying Bianchi’s identities we deduce
g(ξ, X)AZYWU + g(ξ, Y )AXZWU + g(ξ, Z)AYXWU = 0,
that is
S
XYZ
ω(X)AYZWU = 0,
where ω is the 1-form defined by ω(X) = g(X, ξ). Then ω ∧ A( · , · , W, U) = 0 and,
contracting with ξ, one sees that c A( · , · , W, U) = 0. Since c 6= 0, we have A = 0, that is
R = −c G, and so (M, g) has constant sectional curvature −c.
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Let Rn+1k (n ≥ 2) be the pseudo-Euclidean space of dimension n+1 with the indefinite
inner product
bn+1k (x, y) = −
k∑
i=1
xiyi +
n+1∑
j=k+1
xjyj ,
and consider, for each r > 0, the pseudo-Riemannian sphere
S
n
k (r) = { x ∈ R
n+1
k : b
n+1
k (x, x) = r
2 }
and the pseudo-hyperbolic space
H
n
k (r) = { x ∈ R
n+1
k+1 : b
n+1
k+1 (x, x) = −r
2 }.
We represent by S˜nk (r) the manifold S
n
k (r) if k 6= n, n−1, the universal pseudo-Riemannian
covering manifold of Snn−1(r) if k = n− 1 and the connected component of (0, . . . , 0, r) in
S
n
n(r) if k = n. Analogously, H˜
n
k (r) will denote H
n
k (r) if k 6= 0, 1, the universal pseudo-Rie-
mannian covering manifold of Hn1 (r) if k = 1 and the connected component of (r, 0, . . . , 0)
in Hn0 (r) if k = 0.
If a connected pseudo-Riemannian manifold (M, g) of dimension n ≥ 2 and signature
(k, n − k) admits a nondegenerate homogeneous pseudo-Riemannian structure of type
S1 defined by a vector field ξ then, by Proposition 3.2, (M, g) has constant curvature
−g(ξ, ξ) 6= 0 and if moreover (M, g) is complete then it is a pseudo-Riemannian space
form, that is (Wolf [21, p. 68]) (M, g) is isometric either to a quotient manifold H˜nk (r)/Γ
(if g(ξ, ξ) = 1/r2) or to S˜nk (r)/Γ (if g(ξ, ξ) = −1/r
2) where Γ is a group of isometries
acting freely and properly discontinuously.
Let ω be the metric dual form to ξ. From equation (1) it follows that dω = 0.
Since ω is nowhere zero, through each point of M there passes a unique maximal integral
hypersurface of ω. If H is such an integral hypersurface of ω and c = g(ξ, ξ) then N =
|c|−1/2ξ is a unit vector field normal to H and, from (1),
∇XN = −|c|
−1/2cX ,
for each X ∈ X(H). Hence, H is a totally umbilical hypersurface of M . If ∇ˆ denotes the
connection induced on H then
∇ˆXY = ∇XY −
1
c
g(∇XY, ξ)ξ = ∇XY − g(X, Y )ξ ,
X, Y ∈ X(H). A computation shows that the corresponding curvature Rˆ satisfies
RˆXY Z = RXY Z + c (g(X,Z)Y − g(Y, Z)X)= 0, X, Y, Z ∈ X(H),
hence H is a flat submanifold of M .
To study the existence of such a vector field ξ defining a nondegenerate homogeneous
structure on a simply connected complete pseudo-Riemannian manifold, we can suppose,
changing the sign of the metric if necessary, that (M, g) has positive constant curvature,
that is c = g(ξ, ξ) < 0, and for the sake of simplicity we can take c = −1, so that it suffices
to consider the models S˜nk , where S
n
k = S
n
k (1).
5
Lemma 3.3. There do not exist nondegenerate homogeneous pseudo-Riemannian struc-
tures of type S1 on Snk , 0 ≤ k < n.
Proof. We shall denote by g the pseudo-Riemannian metric onRn+1k obtained by Euclidean
parallel translation of b = bn+1k to each point and by g the pseudo-Riemannian metric
induced on Snk .
Suppose that there exists a nondegenerate homogeneous pseudo-Riemannian structure
on Snk defined by a vector field ξ. Then g(ξ, ξ) = −1 and so the Riemannian case (k = 0)
is not possible. Supposing 1 < k < n we shall also arrive to a contradiction.
The totally umbilical hypersurfaces of Snk are contained in the intersection of a hyper-
plane of Rn+1 with Snk (Chen [6]). Hence, if H is an integral manifold of ω, then
H ⊂ { x ∈ Snk : b(x, z) = λ }, λ ∈ R, z ∈ R
n+1 − {0} ,
with the condition that the metric induced by g on H is not degenerate. The nonde-
generacy of the metric induced on the tangent space Tx(H), x ∈ H , is equivalent to the
nondegeneracy of the metric induced by g on the orthogonal space Tx(H)
⊥ in Tx(R
n+1
k )
and it is easily seen that this condition is equivalent to b(z, z) 6= λ2.
One can obtain by geometrical considerations the conditions on the values of λ and z
for H to be flat and totally umbilical, which are
b(z, z) = 0, λ 6= 0.
Let us consider an integral manifold Hλ of ω = g(ξ, · ),
Hλ ⊂ { x ∈ S
n
k : b(x, z) = λ }, λ ∈ R− {0},
where z ∈ Rn+1 − {0}, b(z, z) = 0.
Let ∇ˆ denote the Levi-Civita connection induced on H . Since for all vector fields X, Y
tangent to H , ∇ˆXY is the component tangent to H of the covariant derivative X(Y ) in
R
n+1
k , we obtain ∇ˆXY = X(Y )+λ
−1 g(X, Y ) z. But from Gauss and Weingarten formulas
we also get ∇ˆXY = X(Y )+g(X, Y )(U−ξ), where U ∈ X(Rn+1) is the vector field defined
by Ux = x. Thus, ξx = Ux − λ
−1z for each point x ∈ H .
Now, the integral curves of ξ are geodesics of Snk because of (1). On the other hand,
the geodesic γ in Snk with initial conditions (x,n), where x ∈ Hλ, n = ±ξx = ±(x−λ
−1 z),
is
γ(t) = (cosh t)x + (sinh t)n.
If y = γ(t0) satisfies λb(y, z) > 0, then b(y, z) = λ(cosh t0 ± sinh t0), so that cosh t0 ∓
sinh t0 = λ/b(y, z) and hence
ξy = ±γ
′(t0) = (sinh t0)x+ (cosh t0)n = y −
cosh t0 ∓ sinh t0
λ
z = y −
1
b(y, z)
z .
Hence, the vector field U − (1/g(U, z))z defines the homogeneous structure. In fact, this
vector field, which is well-defined on
U = { x ∈ Snk : λb(x, z) > 0 },
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satisfies (1). Thus, by the uniqueness of the solutions of (1) we conclude that
(3) ξ = U −
1
g(U, z)
z
on U and it is not possible to extend ξ to a point x ∈ Snk such that b(x, z) = 0. Hence,
in order that there exists a vector field ξ defining a nondegenerate homogeneous pseudo-
Riemannian structure on Snk , the set
E = { x ∈ Snk : b(x, z) = 0 }
must be empty. Now, since b(z, z) = 0, z 6= 0, there exists an orthonormal basis
{ e1, . . . , en+1 } of R
n+1
k such that b(ei, ei) = −1, 1 ≤ i ≤ k, and b(ej, ej) = 1, k + 1 ≤
j ≤ n + 1, in such a way that z = a(e1 + en+1), a > 0. But if x =
∑n+1
i=1 xiei, from the
conditions b(x, x) = 1 and b(x, z) = 0, we have the equations
x22 + . . .+ x
2
n = 1 if k = 1 ,
−x22 − . . .− x
2
k + x
2
k+1 + . . .+ x
2
n = 1 if 1 < k < n ,
which have solution. This contradicts the fact that E = ∅ and, hence, such a vector field
ξ cannot exist.
It is now easy to see that the universal pseudo-Riemannian covering manifold S˜nn−1 of
S
n
n−1 does not admit nondegenerate homogeneous pseudo-Riemannian structures of type
S1. Such manifold can be realized as Rn with the pseudo-Riemannian metric induced by
the covering projection
pi : S˜nn−1 = R
n−1 ×R −→ Snn−1,
given by pi(x, t) = (x,
√
1 + ‖x‖2 cos t,
√
1 + ‖x‖2 sin t). The existence of a nondegener-
ate homogeneous pseudo-Riemannian structure on S˜nn−1 would imply the existence of a
nondegenerate homogeneous pseudo-Riemannian structure on a certain neighbourhood of
each point of Snn−1, which, as in Lemma 3.3, would be determined by a non-null isotropic
vector z ∈ Rn+1n−1 and, in particular, it would induce a structure of the same type on a
neighbourhood of each point x ∈ Snn−1 such that b(x, z) = 0, which is not possible because
of the expression of the field given by (3) in that neighbourhood.
On the other hand, it is well-known ([19], see also 5.2) that if (M, g) is a connected,
simply connected and complete Riemannian manifold of negative constant curvature then
it admits a nonvanishing homogeneous Riemannian structure of type S1. If g is a negative
definite metric of positive constant curvature then (M,−g) is a Riemannian manifold of
negative constant curvature and if ξ is a vector field onM defining a homogeneous structure
S of type S1 on (M,−g) then the vector field −ξ defines the homogeneous structure S of
type S1 on (M, g).
Consequently, we have:
Theorem 3.4. Let (M, g) be a connected, simply connected and complete pseudo-Rie-
mannian manifold of dimension n ≥ 2 and signature (k, n − k). Then (M, g) admits a
nondegenerate homogeneous pseudo-Riemannian structure of type S1 if and only if (M, g)
is, up to a change of sign of g, a Riemannian manifold of negative constant curvature.
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Remark 3.5. As we have seen, when 0 < k < n, the space Snk admits a homogeneous
pseudo-Riemannian structure defined in every point except in the intersection of Snk with a
hyperplane. Such a structure is completely determined by the choice of a isotropic vector
z ∈ Rn+1 and it is defined by the vector field ξ given by (3) on { x ∈ Snk : b(x, z) 6= 0 }.
Moreover, in both the universal covering S˜nn−1 and the quotient spaces S˜
n
k/Γ obtained by
the free and properly discontinuous action of a group Γ of isometries, ξ defines locally
structures of the same type. Thus, all of the nonpositive definite pseudo-spherical space
forms (and similarly, all of the nonnegative definite pseudo-hyperbolic space forms) possess,
locally, nondegenerate homogeneous pseudo-Riemannian structures of type S1.
4 Naturally reductive homogeneous pseudo-Riemannian
manifolds and cotorsionless manifolds
In order to characterize the classes S2 and S3 we shall use the interpretation of the
invariant connections on reductive homogeneous spaces in terms of certain linear maps,
equivalent to the ones considered in [12, Cap. X], in the sense that we shall now precise.
Let (M = G/H, g) be a connected reductive homogeneous pseudo-Riemannian mani-
fold of dimension n, with Ad(H)-invariant decomposition g = h⊕m, where G is a connected
Lie group acting transitively and effectively on M as an isometry group, H the isotropy
group of a point o ∈M , g the Lie algebra of G and h the Lie algebra of H .
We shall identify as usual m with To(M) through the isomorphism
µ : m −→ To(M)
X 7−→ X∗o ,
where, for each X ∈ m, µ(X) = X∗o , being X
∗ the Killing vector field generated on M by
the local uniparameter group { exp tX } acting on M .
Through the commutativity of the diagram
m
µ
−→ ToM
Adh
y
y h∗o
m
µ
−→ ToM
it is obtained, for each h ∈ H , a bijective correspondence between the G-invariant linear
connections ∇ on M and the linear maps
Λm: m→ End(m)
satisfying
Λm(Adh(X)) = Ad(Adh)(Λm(X)), X ∈ m, h ∈ H ,
(compare [12, p. 191]) being both related by
(4) (∇X∗Y
∗)o = −([X, Y ]m)
∗
o + (Λm(X)Y )
∗
o .
Moreover, consider the nondegenerate Ad(H)-invariant symmetric bilinear form on m
associated to g, B : m× m→ R,
B(X, Y ) = go(X
∗
o , Y
∗
o ) , X, Y ∈ m .
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If ∇ is the Levi-Civita connection of g and Λm the associated linear map, then (see
[12, Th. 3.3 (1), p. 201]) we have
(5) Λm(X)Y =
1
2
[X, Y ]m+ U(X, Y ), X, Y ∈ m ,
where U : m×m→ m is the symmetric bilinear map defined by
(6) 2B(U(X, Y ), Z) = B(X, [Z, Y ]m)+B([Z,X ]m, Y ), X, Y, Z ∈ m ,
and if U = 0 then (M = G/H, g) is a naturally reductive homogeneous pseudo-Riemannian
manifold.
Furthermore, the canonical connection ∇˜ of M = G/H (with regard to g = h ⊕m) is
defined by Λ˜m = 0 and from (4) it is
(∇˜X∗Y
∗)o = −([X, Y ]m)
∗
o , X, Y ∈ m .
Thus, the homogeneous pseudo-Riemannian structure S = ∇− ∇˜ associated ([10]) to the
reductive decomposition g = h⊕ m is characterized by
(7) SX∗oY
∗
o =
1
2
([X, Y ]m)
∗
o + (U(X, Y ))
∗
o , X, Y ∈ m .
It is now immediate the following
Proposition 4.1. Let (M = G/H, g) be a connected reductive homogeneous pseudo-Rie-
mannian manifold with decomposition g = h⊕m and let S be the associated homogeneous
pseudo-Riemannian structure. Then the following conditions are equivalent:
(a) S is of type S3 ;
(b) B(X, [Z, Y ]m)+ B([Z,X ]m, Y ) = 0 , X, Y, Z ∈ m .
Proof. From (7), we have
SX∗oY
∗
o + SY ∗o X
∗
o = 2 (U(X, Y ))
∗
o ,
for all X, Y ∈ m, hence S is of type S3 if and only if the map U given by (6) vanishes.
Consequently we have, as in the Riemannian case ([19]), the characterization for the
class S3:
Theorem 4.2. A connected, simply connected and complete pseudo-Riemannian mani-
fold admits a homogeneous pseudo-Riemannian structure of type S3 if and only if it is a
naturally reductive homogeneous pseudo-Riemannian manifold.
We shall now give a characterization, which did not even exist in the Riemannian case
and that includes this case, of the class S2 in terms of Cruceanu’s cotorsion ([8]).
Definition 4.3. Let ∇ be a linear connection on a pseudo-Riemannian manifold (M, g).
The cotorsion τ of ∇ is the tensor field of type (0, 3) on M defined by
τ(X, Y, Z) = (∇Xg)(Y, Z)− (∇Y g)(X,Z) + g(T (X, Y ), Z), X, Y, Z ∈ X(M),
where T is the torsion of ∇.
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Definition 4.4. A connected reductive homogeneous pseudo-Riemannian manifold (M
= G/H, g) is said to be a cotorsionless manifold if it admits a G-invariant linear connection
having the same torsion as the canonical connection associated to an Ad(H)-invariant
decomposition g = h⊕m and vanishing cotorsion. In this case, we also say that g = h⊕m
is a cotorsionless reductive decomposition.
Lemma 4.5. Let ∇¯ be a G-invariant linear connection on the connected reductive homo-
geneous pseudo-Riemannian manifold (M = G/H, g) with decomposition g = h ⊕ m and
let Λ¯m : m→ End(m) be the associated linear map. Then ∇¯ has vanishing cotorsion if and
only if
(8) B(Λ¯m(X)Y, Z)−B(Λ¯m(Z)Y,X) = B(Y, [Z,X ]m) , X, Y, Z ∈ m.
Proof. Let ∇ be the Levi-Civita connection of g and let A = ∇¯ − ∇. It is easily proved
that the cotorsion τ¯ of ∇¯ is
τ¯(X, Y, Z) = g(A(Y, Z), X)− g(A(X,Z), Y ) , X, Y, Z ∈ X(M) ,
and since g and A = ∇¯ −∇ are G-invariant, ∇¯ has vanishing cotorsion if and only if
(9) go(A(X
∗, Y ∗)o, Z
∗
o) = go(A(Z
∗, Y ∗)o, X
∗
o), X, Y, Z ∈ m.
Now, from (4) for ∇¯ and ∇ one has
A(X∗, Y ∗)o = (Λ¯m(X)Y )
∗
o − (Λm(X)Y )
∗
o , X, Y ∈ m ,
where Λm: m → End(m) is the bilinear map associated to ∇. Hence, condition (9) is
equivalent to
(10) B(Λ¯m(X)Y − Λm(X)Y, Z)= B(Λ¯m(Z)Y − Λm(Z)Y,X), X, Y, Z ∈ m.
But from (5) and (6) it follows
B(Λm(X)Y, Z)− B(Λm(Z)Y,X) = B(Y, [Z,X ]m) , X, Y, Z ∈ m ,
and hence (10) is equivalent to (8).
Proposition 4.6. Let (M = G/H, g) be a connected reductive homogeneous pseudo-Rie-
mannian manifold with decomposition g = h⊕m and let S be the associated homogeneous
pseudo-Riemannian structure. Then the following conditions are equivalent:
(a) S is of type S1 ⊕ S2 ;
(b) g = h⊕ m is a cotorsionless reductive decomposition;
(c) SXY ZB([X, Y ]m, Z) = 0 for all X, Y, Z ∈ m .
Proof. (a) ⇐⇒ (b). Let ∇ be the Levi-Civita connection of g and ∇˜ = ∇ − S the
canonical connection of M with respect to the reductive decomposition g = h ⊕ m. If
T˜ is the torsion of ∇˜ then T˜ (X∗, Y ∗)o = −([X, Y ]m)∗o, X, Y ∈ m. On the other hand,
T˜ (X, Y ) = SYX − SXY for X, Y ∈ X(M). Thus, for each X, Y, Z ∈ m we have
S
XYZ
B([X, Y ]m, Z) = S
XYZ
go((SX∗Y
∗ − SY ∗X
∗)o, Z
∗
o) = 2S
XYZ
SX∗oY ∗o Z∗o ,
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from which the equivalence immediately follows.
(b) ⇐⇒ (c). The torsion of the G-invariant linear connection ∇¯ defined by a linear
map Λ¯m is given by
T¯ (X∗, Y ∗)o = (Λ¯m(X)Y )
∗
o − (Λ¯m(Y )X)
∗
o − ([X, Y ]m)
∗
o , X, Y ∈ m .
Then ∇¯ has the same torsion as the canonical connection asociated to the reductive de-
composition g = h⊕m if and only if it is satisfied
(11) Λ¯m(X)Y = Λ¯m(Y )X , X, Y ∈ m .
If moreover ∇¯ has vanishing cotorsion, from Lemma 4.5 and from (11) we obtain
S
XYZ
B([X, Y ]m, Z) = S
XYZ
{B(Λ¯m(X)Y, Z)−B(Λ¯m(Z)Y,X)} = 0 ,
so having (b) ⇒ (c). Conversely, suppose that one has (c) and let ∇¯ be the G-invariant
linear connection on M given by
(12) Λ¯m(X)Y =
2
3
U(X, Y ) , X, Y ∈ m ,
where U is the tensor defined by (6). Since U is symmetric, one has (11), that is, ∇¯ has the
same torsion as the canonical connection. We want finally to prove that ∇¯ has vanishing
cotorsion or equivalently, by Lemma 4.5, that Λ¯m satisfies (8). But this follows from (12),
(6) and (c).
Remark 4.7. If S = 0 then the Levi-Civita connection coincides with the canonical
connection and furthermore it satisfies automatically equation (8). If S 6= 0 is of type
S1 ⊕ S2 and ∇¯ is the G-invariant linear connection on M defined by (12) then ∇¯ is not a
metric connection; indeed, it would only happen if it were U = 0, but in this case, from
Proposition 4.1, S would be of type S3.
As a consequence of Proposition 4.6, every cotorsionless manifold admits a homoge-
neous pseudo-Riemannian structure ot type S1 ⊕ S2 and, conversely, if (M, g) is a con-
nected, simply connected and complete pseudo-Riemannian manifold which admits a ho-
mogeneous pseudo-Riemannian structure S of type S1⊕S2 then ([10]) there exists a group
of isometries G acting transitively and effectively on M , in such a way that M = G/H
admits an Ad(H)-invariant decomposition g = h⊕m, whose associated homogeneous pseu-
do-Riemannian structure is S; hence g = h⊕m is a cotorsionless reductive decomposition.
Thus, we can state the following
Theorem 4.8. A connected, simply connected and complete pseudo-Riemannian manifold
admits a homogeneous pseudo-Riemannian structure of type S1 ⊕ S2 if and only if it is a
cotorsionless reductive homogeneous pseudo-Riemannian manifold.
We shall now characterize the primitive class S2.
Proposition 4.9. In the conditions of Proposition 4.6, the following conditions are equiv-
alent:
(a) S is of type S2 ;
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(b) g = h⊕ m is a cotorsionless reductive decomposition and
∑
i
εiB([X, ei]m, ei) = 0, X ∈ m ;
(c) SXY ZB([X, Y ]m, Z) = 0 and
∑
i εiB([X, ei]m, ei) = 0, X, Y, Z ∈ m ,
where { ei : i = 1, . . . , n } is an orthonormal basis of m, B(ei, ej) = εjδij, εj = ±1.
Proof. It suffices to use Proposition 4.6 and to observe that, for each X ∈ m, one has
∑
i εiB([X, ei]m, ei) =
∑
i εigo(SX∗o (e
∗
i )o − S(e∗i )oX
∗
o , (e
∗
i )o)
=
∑
i εiS(e∗i )o(e∗i )oX∗o = c12(S)(X
∗
o) .
Hence, we have:
Theorem 4.10. A connected, simply connected and complete pseudo-Riemannian mani-
fold (M, g) admits a homogeneous pseudo-Riemannian structure of type S2 if and only if it
is a cotorsionless reductive homogeneous pseudo-Riemannian manifold, with decomposition
g = h⊕m satisfying
∑
i εiB([X, ei]m, ei) = 0, X ∈ m .
5 Examples
5.1 A flat Lorentzian Lie group
Let G = R×ρ R be the (solvable non-abelian) semidirect product Lie group of the abelian
group R by itself under the homomorphism ρ : R→ Aut(R) given by ρ(t)(a) = e−ta, where
t, a ∈ R. Its Lie algebra is g = R2 with the structure given by [(a, t), (b, s)] = (sa− tb, 0).
If U = (1, 0) and V = (0, 1) then {U, V } is a basis of g and [U, V ] = U .
Let us consider the left-invariant Lorentz metric on G defined by
〈U, U〉 = 〈V, V 〉 = 0 , 〈U, V 〉 = 2 ,
which is not complete; indeed, the Lie group G acts simply transitively on the open
submanifold M = { (x, y) ∈ R2 : x + y > 0 } of the 2-dimensional Minkowski space
(R2, dx2− dy2) by the action (see [4, p. 206])
(a, t) · (x, y) = (x cosh t+ y sinh t+ a , x sinh t+ y cosh t− a) .
Moreover, G has vanishing constant curvature, and hence, by Proposition 3.2, G cannot
admit any non-degenerate pseudo-Riemannian homogeneous structure of type S1. But G
admits nonvanishing pseudo-Riemannian homogeneous structures of type S1 defined by
isotropic vectors; in fact, a solution of equation (1) is
ξ = −
1
2
U ,
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to which it corresponds the homogeneous pseudo-Riemannian structure on M defined by
the vector field
−
1
x+ y
(
∂
∂x
−
∂
∂y
) .
The remaining nonvanishing solutions of the differential equation (1) furnish a family
of homogeneous pseudo-Riemannian structures Sc (c < 0) of type S1, Sc being defined by
the vector field ξc given in terms of the identity chart (a, t) of G by
(ξc)(a,t) =
cet
1− 2cet
U(a,t) =
c
1− 2cet
∂
∂a
∣∣∣∣
(a,t)
, c ∈ R, c < 0 .
Moreover, since dimG = 2, there do not exist other nonvanishing homogeneous pseudo-
Riemannian structures on G.
5.2 Manifolds with nonvanishing constant curvature
For each integer n ≥ 1 we consider the Lie group
H =
{(
sIn v
0 1
)
∈ Gl(n+ 1,R) : s > 0, v ∈ Rn
}
,
which may also be considered as the semidirect product solvable Lie group of the additive
group Rn and the multiplicative group of positive real numbers R+ under the homomor-
phism σ : R+ → Aut(Rn) given by σ(s)(v) = sv, s ∈ R+, v ∈ Rn. Its Lie algebra h can be
identified with the semidirect product Rn⊕ϕR with respect to the induced homomorphism
ϕ : R→ End(Rn). In terms of the basis {E0, E1, . . . , En } of h given by
E0 = (0, 1), Ej = (ej, 0), 1 ≤ j ≤ n ,
where {e1, . . . , en} is the canonical basis of Rn, the structure of Lie algebra of h is given
by
[E0, Ej] = Ej , [Ei, Ej] = 0 , 1 ≤ j ≤ n .
Let {α0, α1, . . . , αn } be the dual basis to {E0, E1, . . . , En } and let us consider the left-
invariant metric gε (ε = ±1) on H defined by
gε = ε c
2α0 ⊗ α0 + α1 ⊗ α1 + . . .+ αn ⊗ αn , c > 0 .
The Levi-Civita connection ∇ of gε is given by
∇E0E0 = ∇E0Ei = 0, ∇EiE0 = −Ei, ∇EiEj =
ε
c2
δijE0 , 1 ≤ i, j ≤ n ,
and the curvature tensor field thus satisfies
RE0EiE0 = −Ei, REiEjEi = −
ε
c2
Ej, 1 ≤ i 6= j ≤ n ,
from which it follows that (H, gε) has constant sectional curvature −ε/c
2.
If ε = 1, the simply connected manifold H is a complete Riemannian manifold of
negative constant sectional curvature −1/c2, and it is hence isometric to the hyperbolic
space Hn+1(c).
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If ε = −1 then H is a Lorentzian manifold of positive constant sectional curvature
1/c2. Nevertheless, the metric g−1 is not complete; in fact, if γ is a curve on H , being
γ(t) =
(
v0(t)In v(t)
0 1
)
, v(t) =


v1(t)
...
vn(t)

 ,
where v0, v1, . . . , vn are real differentiable functions, v0 positive, then γ is a geodesic of
(H, g−1) if and only if it satisfies the system
d2v0
dt2
− 1v0
(
dv0
dt
)2
− 1
c2v0
n∑
i=1
(
dvi
dt
)2
= 0 ,
d2vj
dt2
− 2v0
dv0
dt
dvj
dt
= 0 , 1 ≤ j ≤ n ,
and the solution γj such that γj(0) = In+1 and whose tangent vector in t = 0 is (Ej)In+1
(for each 1 ≤ j ≤ n) is
γj(t) =
(
( cos(t/c))
−1
In c tan(t/c)ej
0 1
)
, −
cpi
2
< t <
cpi
2
.
Now, for ε = ±1, a necessary condition for a vector field ξ to define a nondegenerate
homogeneous pseudo-Riemannian structure on H is, by Proposition 3.2, gε(ξ, ξ) = ε/c
2.
This is the case of the vector field
ξ =
ε
c2
E0 ,
which also satisfies equation (1), so defining a nondegenerate homogeneous pseudo-Rie-
mannian structure of type S1 on (H, gε). If ε = 1, this structure coincides with the
nonvanishing homogeneous pseudo-Riemannian structure of type S1 obtained by Tricerri
and Vanhecke [19, p. 55] on the hyperbolic space. In the case ε = −1, ξ defines a nondegen-
erate homogeneous pseudo-Riemannian structure on a (not complete) connected, simply
connected (non-Riemannian) pseudo-Riemannian manifold of constant sectional curvature
1/c2. By Theorem 3.4 it does not exist such a structure on a connected, simply connected
and complete Lorentzian manifold.
5.3 The 3-dimensional Heisenberg group
Let n be the Lie algebra of dimension 3 generated by {a, x, y}, with structure equations
[x, y] = a, [a, x] = 0 = [a, y] .
The simply connected Lie group N with Lie algebra n is the classical Heisenberg group.
We consider on N the left-invariant pseudo-Riemannian metric gε defined by the inner
product 〈 , 〉ε for which {a, x, y} is the orthonormal basis such that
〈a, a〉ε = ε = ±1 , 〈x, x〉ε = 〈y, y〉ε = 1 .
The Riemannian metric g 1 is complete because (N, g 1) is a homogeneous Riemannian
manifold. The Lorentzian metric g−1 is also complete; in fact, N admits a discrete sub-
group Γ such that the quotient space Γ\N is a compact homogeneous pseudo-Riemannian
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manifold which is therefore complete, and since the covering map N → Γ\N is a local
isometry, (N, g−1) is itself complete [17, p. 210]. We have (see [19], [18]):
Proposition 5.1. All the homogeneous pseudo-Riemannian structures on (N, gε) are gi-
ven by
(13) Sλ = λ τ ⊗ (α ∧ β) +
1
2
ε β ⊗ (τ ∧ α)−
1
2
ε α⊗ (τ ∧ β) , λ ∈ R ,
where {τ, α, β} is the dual basis to {a, x, y}.
Thus, from the definitions of the classes in §2 we deduce:
Proposition 5.2. For each λ ∈ R, the structure Sλ given by (13) is of type S2 ⊕ S3.
Moreover, Sλ is of type S2 if and only if λ = −ε and Sλ is of type S3 if and only if λ =
1
2ε.
In particular, the decomposition gλ = hλ ⊕ mλ associated to the structure Sλ on the
Riemannian manifold (N, g 1) (resp. Lorentzian manifold (N, g−1) ) is a cotorsionless re-
ductive decomposition if and only if λ = −1 (resp. λ = 1 ) and the metric g 1 (resp. g−1 )
is naturally reductive with respect to gλ = hλ ⊕mλ if and only if λ =
1
2 (resp. λ = −
1
2 ).
As for the reductive decomposition gλ = hλ⊕mλ associated to the homogeneous pseu-
do-Riemannian structure Sλ on (N, gε), ε = ±1, one has (see [19]) an isomorphism
gλ = hλ ⊕mλ → h˜λ ⊕ n ,
where the algebra h˜λ is an algebra (isomorphic to the holonomy algebra) which is generated
by the operator
(R˜λ)xy = (λ+
1
2
ε)

 0 0 00 0 1
0 −1 0

 ∈ sok(n) ,
where sok(n) denotes the algebra of antisymmetric endomorphisms of (n, 〈 , 〉ε), which is
isomorphic either to so(3) (ε = 1) or to so(1, 2) (ε = −1).
Consequently, if λ + 12ε = 0 then gλ is isomorphic to n and if λ +
1
2ε 6= 0 then the
reductive decomposition associated to the homogeneous pseudo-Riemannian structure Sλ
given by (13) is gλ ≡ h˜λ ⊕ n = 〈{r, a, x, y}〉, with structure equations
[r, a] = 0 , [r, x] = −y , [r, y] = x ,
[a, x] = (λ+ 12ε) y , [a, y] = −(λ+
1
2ε)x , [x, y] = (λ+
1
2ε) r + a .
Note finally that if we put
e1 = x, e2 = y, e3 = (λ+
1
2
ε) r + a, e4 = r ,
then
[e1, e2] = e3, [e1, e3] = 0, [e2, e3] = 0, [e1, e4] = e2, [e2, e4] = −e1, [e3, e4] = 0 ,
and so, if λ + ε2 6= 0, the Lie algebra gλ is isomorphic to the semidirect product of the
Heisenberg algebra k = 〈{e1, e2, e3}〉 and the abelian algebra l = 〈{e4}〉 with respect to
the homomorphism ad|k : l→ Der(k).
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5.4 The generalized Heisenberg group H(1, 2)
Cordero and Parker, in their study [7] of the geometry of the 2-nilpotent pseudo-Rieman-
nian Lie groups, consider 2-nilpotent Lie groups with the left-invariant metric induced by
a (not necessarily positive definite) inner product in their Lie algebra. If n is a Lie algebra
with inner product 〈 , 〉 and z is the center of n, they consider a decomposition n = z⊕ v,
where z = U⊕Z, v = V⊕E, being U the null subspace of z and V ⊂ v a complementary null
subspace. An example of their construction is the generalized Heisenberg group H(1, 2)
of dimension 5, whose Lie algebra is
n = U ⊕ Z ⊕V⊕ E = 〈{u, z, v, e1, e2}〉 ,
being U = 〈{u}〉, Z = 〈{z}〉, V = 〈{v}〉 and E = 〈{e1, e2}〉, with structure equations
[e1, e2] = z , [v, e2] = u ,
and nontrivial inner products
(14) 〈u, v〉 = 1 , 〈z, z〉 = ε , 〈e1, e1〉 = ε¯1 , 〈e2, e2〉 = ε¯2 ,
where each ε-symbol is ±1 independently. Hence, the pseudo-Riemannian metric on
H(1, 2) defined by 〈 , 〉 has signature (k, 5 − k), 1 ≤ k ≤ 4. Since H(1, 2) admits a
discrete subgroup Γ such that Γ\H(1, 2) is a compact homogeneous pseudo-Riemannian
manifold, H(1, 2) is itself complete.
From the expressions for the Levi-Civita connection ∇ given in [7] one can obtain
the expressions for the curvature tensor. To determine the homogeneous pseudo-Rie-
mannian structures S on the manifold H(1, 2), writing ∇˜ = ∇ − S, from the conditions
∇˜R = 0 and ∇˜g = 0 one can obtain the components of the (0, 3) tensor field S; from their
expressions it may be proved that the condition ∇˜S = 0 is trivially satisfied. If we denote
by {η, θ, τ, α1, α2} the dual basis to {u, z, v, e1, e2}, we deduce:
Proposition 5.3. The only homogeneous pseudo-Riemannian structure on H(1, 2) with
the pseudo-Riemannian metric defined by (14) is given by
S =
1
2
ε α2 ⊗ (θ ∧ α1)−
1
2
ε α1 ⊗ (θ ∧ α2)−
1
2
ε θ ⊗ (α1 ∧ α2)− τ ⊗ (τ ∧ α2) .
From the definitions of the classes in §2 we deduce that S is of type S2 ⊕ S3 and S
does not belong to a subclass. So we have
Proposition 5.4. The generalized Heisenberg group H(1, 2) endowed with the left invari-
ant metric defined by (14) is a reductive homogeneous connected, simply connected and
complete pseudo-Riemannian manifold which is neither a naturally reductive manifold nor
a cotorsionless manifold.
In this case, the reductive decomposition associated to the homogeneous pseudo-Rie-
mannian structure S is easily obtained. Since for the connection ∇˜ = ∇ − S we have
∇˜xy = 0 for each x, y ∈ {u, z, v, e1, e2}, the curvature operators R˜xy of ∇˜ vanish; hence
the holonomy algebra of ∇˜ is trivial and the reductive decomposition of n is the trivial
n = {0}⊕ n and thus the isometry group associated to S is the same group H(1, 2) acting
on itself by left translations.
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